A method of calculating the Landau levels in crystals having the ellipsoidal Fermi surfaces has been presented with an accent put on the directional dependence of the energy quanta dened by the levels. Physically the problem concerns mainly semiconductors examined in a nearly-free electron approximation. In this case the shape of the Fermi surface is dened by three dierent eective masses entering the electron Hamiltonian. Beyond of the masses the method, which can be applied for an arbitrary direction of the magnetic eld, does contain no empirical parameters in its framework.
Introduction
In general a description and quantization of the energy levels in a system being a free-electron ensemble is well-known. This holds also in the case of presence of the magnetic eld acting on the system. However, it is not so easy to calculate the electron motion when the potential of the crystal lattice is combined with the magnetic eld. This obstacle is connected with a general diculty to examine the motion problem when the lattice potential and the magnetic eld act simultaneously on an electron; see e.g. [1] . One of simplifying assumptions is that electrons are nearly free in vicinity of the band limits but their eective masses are dierent for dierent directions considered in a crystal. Such treatment became especially useful in the case of semiconductors.
In particular Shockley [2] has proposed to examine an ellipsoidal Fermi surface having dierent eective masses m 1 , m 2 , m 3 in directions along the surface axes [3] . This means the electron energy on the surface is
Evidently, the positions of the Landau levels as well as the cyclotron frequency for the electron states on the surface should depend on parameters m 1 , m 2 , m 3 entering Eq.
(1) as well as the orientation of the magnetic eld with respect to the Cartesian coordinate system. The dependences of this kind have been widely examined experimentally on numerous occasions; see e.g. [4, 5] for a review. But to the best of our knowledge these calculations represented only the semi-empirical approaches (see e.g.
[510]) which have never reached an eective theoretical elaboration. The aim of the present paper is to bridge this gap.
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Cyclotron frequency and crystal symmetry
Certainly a well-known experimental fact of dependence of the cyclotron motion on the orientation of the crystal symmetry species with respect to direction of the magnetic eld concerned not only semiconductors.
This property became much evident when the magnetoresistance eect in metals is examined; see [11 20] . In fact, both eects, namely the electron circulation and magnetoresistance can be coupled strictly together [11] which explains the importance of the cyclotron frequency for magnetoresistance. More recently the cyclotron motion and magnetoresistance in threedimensional metallic-like systems have been examined rather extensively in [21, 22] .
A characteristic property of calculations done on the cyclotron frequency was that they referred to the magnetic eld parallel to some symmetry species of the crystal lattice having a high symmetry; see [23, 24] . Our task is to examine rst the frequency change due to a change of such highly-symmetric potential. Simultaneously we assume that the structure of the electron states remains rather simple. This means that we allow for the electron states in a crystal do not dier much from the free-electron wave functions.
Our approach is based rst on a semiclassical analysis of the electron circulation frequency which is next applied to the Landau levels. Since the cyclotron frequency and the frequency entering the spectrum of the Landau levels are essentially the same, in the rst step the cyclotron frequency and its perturbation in some simple systems have been calculated. In a further step the crystals having ellipsoidal Fermi surfaces are mainly considered.
3. Cyclotron frequency referred to special directions of the magnetic eld A usual trick in calculating the cyclotron frequency is to assume that the magnetic eld is parallel to one of the symmetry crystal axes say that taken along (1304) the axis z. This implies that the cyclotron motion is going on in the planes parallel to the (x, y) plane. In consequence the parts of the crystal Hamiltonian dependent on variables x and y which are normal to the eld direction remain active, whereas the variable z parallel to the eld behaves like a constant number. A suitable approach can be based on the linear combination of atomic orbitals (LCAO) Hamiltonian applied, for example, to crystals having cubic symmetry [2527] . In this case the variables k x , k y remain only active in the Hamiltonian represented by a function of k x , k y and k z .
For example the s electrons in three lattices of cubic symmetry, i.e. the simple cubic (sc), body-centered cubic (bcc) and face-centered cubic (fcc) can be considered in precisely the same way [2830] . An important point for further calculations is that all lattices (sc, bcc and fcc) give for small k x , k y and k z the same free-electron energy expression
in which a multiple of the hopping integral
between the s-states of the nearest atomic neighbours is taken into account respectively for each lattice case and a latt is the lattice parameter. But a still more simple expression for energy is obtained when the electron motion in direction z of the magnetic eld can be neglected. In this case we have
The next step is to apply the Wannier idea concerning the action of the Lorentz force on a crystal [31] , developed by Suhl [32] . For the magnetic eld parallel to z we put for example k x = x for a position coordinate and k y = p x for the corresponding momentum coordinate of the Hamiltonian.
In this case for β latt = 1 and a latt = 1 in (4) the Hamilton equations become
in result of which we obtain
This is a typical harmonic oscillator with the frequency
A full cyclotron frequency is obtained by multiplying expression in (8) by the well-known free-electron result
see [2830] . For semiconductors very many Fermi surfaces can be represented with the aid of a three-parameter energy band (1). If we assume that the magnetic eld is acting along the axis z, we have instead of (4) the energy
The components of the Lorentz equation give [3] :
In the next step let us put
These substitutions give from (10) and (11) the pair of equations
The next dierentiation with respect to time can be performed giving, say, for k x the formula
Hence we obtain the circular motion represented by a harmonic oscillator having the frequency
instead of the well-known frequency on the isotropic Fermi surface equal to (9) . Evidently, the harmonic oscillator having the frequency (17) can be quantized in a usual way [33] giving separations between the Landau levels equal to
(18a) obtained with the aid of Ω 0 in (9).
Asymmetry of the crystal potential and its eect on the crystal gyration
A well-known complication connected with any anisotropic Fermi surface is that the electron gyration on such surface changes with any innitesimal change of direction of the magnetic eld. This problem can be also solved on the basis of the Wannier method. For example for a perfect cubic lattice having the tightly-bound s electrons connected with each atom, and for small k x , k y and k z , three components of energy in (2) are fully equivalent. An asymmetry of the energy expression is obtained when at least one of the components in (2), say that giving energy along axis z, is modied, so
where ε is assumed to be a small number. Physically such change is similar to the change of the free-electron mass m in direction z to an eective mass
if the fact that m enters the denominator of the free-electron energy expression is taken into account; see e.g. [2, 3] .
A practical way to approach the cyclotron gyration frequency in the case of the potential deformation leading to the changed energy (19) is to consider the free-electron motion in the magnetic eld tilted to the Cartesian symmetry axes which give the components k x , k y and k z . This means that if the magnetic eld in the original system of coordinates was along k z , a new direction of the magnetic eld is parallel to the component k z of vector k dened in a system of the Cartesian coordinates tilted to the original system. A well known reference of the both systems is given by the Euler angles; see e.g. [34] .
In a tilted eld the electrons gyrate in the planes normal to k z , and the value
(21) can be chosen as a plane of a special interest. But the energy in expression (2) does not change upon the change of the coordinate system. Therefore, by assuming that in a tilted eld the dynamical variables are
the expression (2) with a simplication
Here the coordinates entering the original energy expression (2) are replaced by
Let us note that only variables x and p x dened in (22) and (23) enter (25) because k z has been eliminated in virtue of the formula (21) . The constant terms entering (26)(28) expressed as functions of the Euler angles are
The Hamilton equations become now
(37) Because of the following properties of the coecients a i and b i :
substituted into (37) we have
This is an equation remaining in a full accordance with (7). The formula (41) is an expected result since the free-electron motion in a constant magnetic eld is not aected by the choice of the direction of the eld.
In the case of a deformed crystal potential along axis z the Hamiltonian (19) takes the form [see (24) ]:
therefore only terms containing a i and b i are aected by the perturbation due to ε. Since (42) becomes
it gives instead of the oscillator in (41) the following result:
(43) In calculating (43) the orthogonality relation (38) together with (39) and (40) has been taken into account.
From (43) we obtain the frequency square
We see that for ε > 0 the frequency is increased due to the crystal perturbation. A similar increase concerns the energy in (42). We can examine the eect of the crystal energy change also in directions x and y. Consequently we obtain the frequency
for direction x, and the frequency
for direction y. A characteristic point is that the angular dependences obtained in (45), (46), and (47) are dierent.
Anisotropy of the energy expressions and its eect on the cyclotron frequency in the case of two-dimensional systems
For two-dimensional systems the expressions entering the energy in a tilted eld may become dependent solely on a single Euler angle instead of their dependence on three angles in a three-dimensional space. For example by assuming
we obtain:
Evidently the coecients data of the above equations satisfy the orthogonality and normalization conditions of (38)(40). The frequency squares become
But other situations than represented in (48)(53) can be also examined. These are for ϑ = 0 and ϕ = 0:
and for ϑ = 0 and ψ = 0:
(66) The data of (57)(61) give the following frequency square of the perturbed system: 1 + ε(a (68) Similar frequency results independent of the angle coordinate are obtained from (62)(66).
A characteristic point of (56) is that the eect of deformation of a two-dimensional energy upon the cyclotron frequency is equal to that obtained in three dimensions; see (44).
Cyclotron frequency of electrons gyrating along an ellipsoidal Fermi surface
The electron energy on such surface is given by the formula (1). This means that the cyclotron frequency on the surface should depend on parameters
(69) as well as the orientation of the magnetic eld with respect to the Cartesian coordinate system. To the best of our knowledge such a general frequency expression has not been yet calculated and the aim of the present paper is to bridge this gap.
We apply again a tilted system of coordinates for the wave vector k and the magnetic eld is directed along the coordinate k z of the tilted system. Assuming that the motion plane normal to the eld is
(70) we obtain the following expression for E in (69):
Here the coordinates k x , k y , k z are obtained in terms of coordinate (70) as well as coordinates
normal to the direction of a tilted eld with the aid of the Euler angles; see (26)(34).
Evidently the energy E in (71) is a non-parabolic expression in the variables k x and and k y dened in (72) and (73), on condition arbitrary values of a 1 , a 2 , a 3 , b 1 , b 2 , b 3 as well m 1 , m 2 , m 3 are considered; cf. also Eq. (25) . The problem of the electron gyration for such E in the magnetic eld directed along an arbitrary axis k z seems to be never solved before.
The electron gyration in the plane k z = 0 is governed by the equations being components of the Lorentz equation [3] :
dk y dt = dp
Here v y is the electron velocity in direction of the axis k y = p x normal to the axis x and v x is directed along the axis k x = x; see (72) and (73). The energy expression in (71) together with (74) and (75) gives
The next step is the second dierentiation of x with respect to time
The result in (78) does not contain the term p x because the dependence on p x is cancelled. A transformation of (78) into the oscillator equation
gives the cyclotron frequency square equal to
The terms a 1 , a 2 , a 3 and b 1 , b 2 , b 3 are calculated in (29)(34).
Special cases of the cyclotron frequency on the ellipsoidal Fermi surface
Very simple expressions for the cyclotron frequency concern special situations of the magnetic eld, for example those represented by the parameter values
The above formulae imply the relations
valid respectively for (81)(83); see (26)(28) as well as (38)(40). On the basis of (29)(34) we should have
(87) for the case of (81) and (84),
for the case of (82) and (85),
for the case of (83) and (86). The frequency square in (80) becomes
in correspondence to (81), (84), and (87),
in correspondence to (82), (85), and (88),
in correspondence to (83), (86), and (89). The frequencies (90)(92) are compatible with the special situations of the magnetic eld discussed in Sect. 3.
Directional dependence of the energy quanta dened by the Landau levels
The Euler angles entering parameters a 1 , a 2 , a 3 and b 1 , b 2 , b 3 in (80) should not be considered on an equal footing. In fact the electron circulation in the magnetic eld put along direction z of the Cartesian coordinate system (x , y , z ) tilted to the original system (x, y, z) is connected with a rapid change of the angle ψ. A rapid pulsation of ψ is accompanied by a constant behaviour of ϑ and ϕ. Therefore a good approximation to the motion dependence on the angles ϑ and ϕ can be obtained by assuming the averaged expressions
sin ψ cos ψ = 0, (95) as well as
which are present in (80). Consequently we obtain from (93) and (94) the averaged expressions (105) In this way the following averaged expression for the frequency square is derived: 
It is easy to demonstrate that extrema of the expression (107) for F occur at
2ϕ = ±n π (109) where n and n are integer numbers. The dependence of F on ϕ and ϑ is illustrated in Fig. 1 (a)(l) for dierent combinations of parameters
The axes pointing to the left are those of ϕ, the axes pointing to the right are those of ϑ; the angles ϕ and ϑ are presented in radians. In eect the quanta of energy separating the neighbouring Landau levels are
where the dependence on ϑ and ϕ, as well as the ratios of the eective masses in (69) to the free-electron mass m enters solely the coecient F ; see (107).
Remark on quantization technique of the Landau levels
A basic result of the paper concerning quantization of the Landau levels are the harmonic oscillator equations which represent a classical approximation of the cyclotron motion. This result holds for all oscillator cases examined in the paper including the electron motion on the ellipsoidal Fermi surfaces characteristic for semiconductors. In eect only one parameter of the motion, i.e. the frequency of the oscillator, depends on such parameters like the eective electron masses as well the Euler angles representing the direction of the magnetic eld with respect to the symmetry species of the crystal lattice. In consequence, the directional inuence of the magnetic eld on the motion is incorporated in the cyclotron frequency alone.
Accordingly, the Landau levels in all examined cases should be represented by the equidistant numbers being multiples of the cyclotron frequency which varies in dependence on the masses m 1 , m 2 , m 3 and the Euler angles. In other words, any set of the eective masses considered on a given Fermi surface and a set of the Euler angles dening the direction of the magnetic eld, give a corresponding set of the equidistant Landau levels.
This behavior is in fact conrmed on the experimental basis [5, 9, 10] for numerous crystal cases excepting for a rather small change of the distances observed between the lowest Landau levels entering a given set of levels, a property which cannot be explained by the present theory.
Since the approach to the electron motion is essentially semiclassical and not quantum-mechanical in its nature, there is no attempt done in the paper to present the eects connected with the electron spin or the spinorbit coupling considered e.g. in [4, 5] .
Summary
A strong dependence of positions of the Landau levels on the direction of the magnetic eld in crystals having non-spherical Fermi surfaces is a well-known experimental fact. On the other side, any theoretical approach to this dependence problem has been usually considered to be a dicult task.
The aim of the paper was to present a theory of the eect mentioned above on the basis of a formalism developed a time ago by Wannier [31] . This author has noticed rst a property of similarity between the components of the Lorentz equation describing the motion of the crystal electrons in the magnetic eld and the Hamilton equations. In the paper we show that a crucial role in calculations can be ascribed to the frequency of the harmonic oscillator which is an eect of superposition of the mentioned Hamilton equations.
This simple kind of the oscillator holds usually on condition when the energy of a crystal electron can be expressed as a quadratic form of the components of the electron wave vector, but this situation is changed into a complicated non-parabolic Hamiltonian (71) valid in case an arbitrary direction of the magnetic eld is considered.
A quantization of the oscillator performed in a wellknown way provides us readily with a set of the equidistant Landau levels characteristic for a given direction of the magnetic eld. The level positions depend also on the mass parameters dening the shape of the Fermi surface.
